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CLARK MEASURES ON THE TORUS
EVGUENI DOUBTSOV
Abstract. Let D denote the unit disc of C and let T = ∂D. Given a holomor-
phic function ϕ : Dn → D, n ≥ 2, we study the corresponding family σα[ϕ],
α ∈ T, of Clark measures on the torus Tn. If ϕ is an inner function, then we
introduce and investigate related isometric operators Tα mapping analogs of
model spaces into L2(σα), α ∈ T.
1. Introduction
Let D denote the open unit disc of C and let T = ∂D. For n = 1, 2, . . . , the
equality
C(z, ζ) =
n∏
j=1
1
1− zjζj
, z ∈ Dn, ζ ∈ Tn,
defines the Cauchy kernel for Dn. The corresponding Poisson kernel is given by the
formula
P (z, ζ) =
C(z, ζ)C(ζ, z)
C(z, z)
, z ∈ Dn, ζ ∈ Tn.
Let M(Tn) denote the space of complex Borel measures on the torus Tn. For
µ ∈M(Tn), the Cauchy transform µ+ is defined as
µ+(z) =
∫
Tn
C(z, ξ) dµ(ξ), z ∈ Dn.
1.1. Pluriharmonic measures. A measure µ ∈M(Tn), n ≥ 2, is called plurihar-
monic if the Poisson integral
P [µ](z) =
∫
Tn
P (z, ζ) dµ(ζ), z ∈ Dn,
is a pluriharmonic function. Let PM(Tn) denote the set of all pluriharmonic mea-
sures. Observe that µ ∈ PM(Tn) if and only if the Fourier coefficients of µ are
equal to zero outside the set (−Zn+) ∪ Z
n
+.
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1.2. Clark measures. Given an α ∈ T and a holomorphic function ϕ : Dn → D,
the quotient
1− |ϕ(z)|2
|α− ϕ(z)|2
= Re
(
α+ ϕ(z)
α− ϕ(z)
)
, z ∈ Dn,
is positive and pluriharmonic. Therefore, there exists a unique positive measure
σα = σα[ϕ] ∈M(T
n) such that
P [σα](z) = Re
(
α+ ϕ(z)
α− ϕ(z)
)
, z ∈ Dn.
By the definition of PM(Tn), we have σα ∈ PM(T
n).
After the seminal paper of Clark [3], various properties and applications of the
measures σα on the unit circle T have been obtained; see, for example, reviews
[6, 7, 4] for further references. To the best of the author’s knowledge, the measures
σα on T
n, n ≥ 2, have not been investigated earlier. In particular, in the present
paper, we show that the properties of σα on T
n are quite different from those of σα
on the unit circle T and on the unit sphere Sn of C
n, n ≥ 2 (cf. [2]).
1.3. Clark measures and model spaces. Let mn denote the normalized Le-
besgue measure on Tn.
Definition 1. A holomorphic function I : Dn → D is called inner if |I(ζ)| = 1 for
mn-a.e. ζ ∈ T
n.
In the above definition, I(ζ) stands, as usual, for limr→1− I(rζ). Recall that
the corresponding limit exists mn-a.e. Also, by the above definition, every inner
function is non-constant. The present paper is primarily motivated by the studies
of Clark [3] related to the measures σα[ϕ] ∈ M(T), α ∈ T, where ϕ is an inner
function in D.
Given an inner function I in Dn, we have
P [σα](ζ) =
1− |I(ζ)|2
|α− I(ζ)|2
= 0 mn-a.e.,
therefore, σα = σα[I] is a singular measure. Here and in what follows, this means
that σα and mn are mutually singular; in brief, σα⊥mn. Standard properties of
Poisson integrals guarantee that σα, α ∈ T, is supported by the set Eα = {ζ ∈ T
n :
I(ζ) = α}. In particular, σα⊥σβ for α 6= β.
For n ≥ 1, let Hol(Dn) denote the space of holomorphic functions in Dn. For
0 < p <∞, the classical Hardy space Hp = Hp(Dn) consists of those f ∈ Hol(Dn)
for which
‖f‖pHp = sup
0<r<1
∫
Tn
|f(rζ)|p dmn(ζ) <∞.
As usual, we identify the Hardy space Hp(Dn), p > 0, and the space Hp(Tn) of the
corresponding boundary values.
For an inner function θ on D, the classical model space Kθ is defined as Kθ =
H2(T) ⊖ θH2(T). Clark [3] introduced and studied a family of unitary operators
Uα : Kθ → L
2(σα), α ∈ T.
For an inner function I in Dn, n ≥ 2, there are several analogs of Kθ. We
consider the following direct analog of Kθ:
I∗(H2) = H2 ⊖ IH2.
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In this paper, we define isometric operators
Tα : I
∗(H2)→ L2(σα), α ∈ T,
and we address the problem whether Tα is a unitary operator for a given inner
function I. Also, we give examples of inner functions with different sets {α ∈ T :
Tα extends to a unitary operator}.
Organization of the paper. Auxiliary properties of Clark measures are obtained
in Section 2. In particular, we prove two decomposition results: each pluriharmonic
measure decomposes in terms of its slices, and Lebesgue measure mn disintegrates
in terms of Clark measures. The isometries Tα : I
∗(H2) → L2(σα) are introduces
and studied in Section 3. Explicit examples of Clark measures are given in the final
Section 4.
Acknowledgement. The author is grateful to Aleksei B. Aleksandrov for helpful
suggestions and remarks.
2. Basic properties of Clark measures
The following lemma is standard, so we omit its proof.
Lemma 2.1. Let {µk}
∞
k=1 be a bounded sequence in M(T
n) and let µ ∈ M(Tn).
Then lim
k→∞
µk = µ in σ(M(T
n), C(Tn))-topology if and only if lim
k→∞
P [µk](z) =
P [µ](z) for all z ∈ Dn.
Corollary 2.2. Let ϕ : Dn → D be a holomorphic function. The mapping α 7→
σα[ϕ] is continuous from T into the space M(T
n) endowed with the weak topology.
Next, we obtain a result related to all pluriharmonic measures.
2.1. A decomposition theorem for pluriharmonic measures. It is well known
that
(2.1)
∫
Tn
f dmn =
∫
Tn
∫
Tn
f dm
ζ
1 dmn(ζ), f ∈ C(T
n),
where mζ1 ∈ M(T
n), ζ ∈ Tn, is the normalized one-dimensional Lebesgue measure
supported by the unit circle Tζ ⊂ Tn and considered as a measure on Tn.
Now, let µ be a pluriharmonic measure on Tn. Put u = P [µ] and ur(ζ) = u(rζ),
0 ≤ r < 1, ζ ∈ Tn. For ζ ∈ Tn, the slice function uζ is defined as uζ(λ) = u(λζ),
λ ∈ D. Since u is pluriharmonic, uζ is harmonic for all ζ ∈ T
n. Also, by the
monotone convergence theorem
(2.2)
∫
Tn
sup
0<r<1
‖(uζ)r‖L1(T) dmn(ζ) =
∫
Tn
lim
r→1−
‖(uζ)r‖L1(T) dmn(ζ)
= lim
r→1−
‖ur‖L1(Tn) <∞.
Hence, for mn-a.e. ζ ∈ T
n, we have
sup
0<r<1
‖(uζ)r‖L1(T) <∞.
Therefore, for mn-a.e. ζ ∈ T
n, there exists µζ ∈ M(T
n) such that suppµζ ⊂ Tζ
and
uζ(λ) =
∫
Tn
1− |λ|2
|w − λζ|2
dµζ(w), λ ∈ D.
4 EVGUENI DOUBTSOV
If µ is a positive pluriharmonic measure, in particular, a Clark measure, then the
slice measure µζ is clearly defined for any ζ ∈ T
n.
Using (2.2), we also conclude that
(2.3)
∫
Tn
‖µζ‖ dmn(ζ) <∞
for any µ ∈ PM(Tn).
Proposition 2.3. Let µ ∈ PM(Tn) and let µζ denote the slice measure defined as
above for mn-a.e. ζ ∈ T
n. Then
µ =
∫
Tn
µζ dmn(ζ)
in the following weak sense:
∫
Tn
fdµ =
∫
Tn
∫
Tn
fdµζ dmn(ζ)
for all f ∈ C(Tn).
Proof. Let f ∈ C(Tn). Given a measure µ ∈ PM(Tn), put u = P [µ]. By (2.1),
∫
Tn
fur dmn =
∫
Tn
∫
Tn
fur dm
ζ
1 dmn(ζ), 0 < r < 1.
Observe that urmn → µ and urm
ζ
1 → µζ as r → 1− in σ(M(T
n), C(Tn))-topology
for mn-a.e. ζ ∈ T
n. So, taking the limit as r→ 1− and applying (2.3), we obtain
∫
Tn
f dµ =
∫
Tn
∫
Tn
f dµζ dmn(ζ)
by the dominated convergence theorem. 
2.2. A disintegration theorem for Clark measures. Proposition 2.3 indicates
that the Clark measures on Tn could inherit various properties of the classical Clark
measures on the unit circle. As an illustration, we prove the following analog of the
disintegration theorem obtained in [1] for d = 1.
Proposition 2.4. Let ϕ : Dn → D be a holomorphic function and let σα = σα[ϕ],
α ∈ T. Then ∫
T
∫
Tn
f dσα dm1(α) =
∫
Tn
f dmn
for all f ∈ C(Tn).
Proof. Observe that the slice measures (σα)ζ are defined for all α ∈ T, ζ ∈ T
n. The
norms of (σα)ζ , α ∈ T, ζ ∈ T
n, are bounded by a constant C(I) > 0. Also, (σα)ζ [I]
coincides with (σα)[Iζ ] and
(2.4)
∫
T
∫
Tn
f dσα[Iζ ] dm1(α) =
∫
Tn
f dm
ζ
1, f ∈ C(T
n),
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by the one-dimensional disintegration theorem (see [1]). So, applying Proposi-
tion 2.3 Fubini’s theorem and (2.1), we obtain∫
T
∫
Tn
f dσα dm1(α) =
∫
T
∫
Tn
∫
Tn
f d(σα)ζ dmn(ζ) dm1(α)
=
∫
Tn
∫
T
∫
Tn
f dσα[Iζ ] dm1(α) dmn(ζ)
=
∫
Tn
∫
Tn
f dm
ζ
1 dmn(ζ)
=
∫
Tn
f dmn(ζ),
as required. 
2.3. Clark measures and Cauchy kernels. The following lemma is a particular
case of Exercise 1 from [5, Chap. 8].
Lemma 2.5. Let F be a holomorphic function on Dn × Dn. If F (z, z) = 0 for all
z ∈ Dn, then F (z, w) = 0 for all (z, w) ∈ Dn × Dn.
Proposition 2.6. Let ϕ : Dn → D, d ≥ 2, be a holomorphic function and let
σα = σα[ϕ], α ∈ T. Then∫
Tn
C(z, ζ)C(ζ, w) dσα(ζ) =
1− ϕ(z)ϕ(w)
(1− αϕ(z))(1 − αϕ(w))
C(z, w)
for all α ∈ T, z, w ∈ Dn.
Proof. The equality∫
Tn
P (z, ζ) dσα(ζ) =
1− |ϕ(z)|2
|α− ϕ(z)|2
, z ∈ Dn,
and the definition of P (z, ζ) provide∫
Tn
C(z, ζ)C(ζ, z) dσα(ζ) =
1− |ϕ(z)|2
|α− ϕ(z)|2
C(z, z), z ∈ Dn.
It remains to apply Lemma 2.5. 
Corollary 2.7. Let ϕ : Dn → D, d ≥ 2, be a holomorphic function and let σα =
σα[ϕ], α ∈ T. Then
(σα)+(z) =
1
1− αϕ(z)
+
αϕ(0)
1− αϕ(0)
for all α ∈ T, z ∈ Dn.
Proof. Apply Proposition 2.6 with w = 0. 
3. Clark measures for inner functions
In this section, we assume that ϕ is an inner function. So, we use the symbol I
in the place of ϕ.
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3.1. Abstract approach to isometries Tα : I
∗(H2) → L2(σα). Let I be an
inner function in Dn. Given f, g ∈ I∗(H2), we claim that
(3.1)
∫
Tn
fgI
k
dmn = 0 for all k ∈ Z \ {0}.
Indeed, without loss of generality, we may assume that k ≥ 1. Observe that fg⊥Ik
if and only if f⊥Ikg. So, it suffices to apply the definition of I∗(H2).
Now assume that f, g ∈ I∗(H2) ∩ C(Tn). Recall that I = α σα-a.e. Hence,
combining (3.1) and Proposition 2.4, we obtain
0 =
∫
T
∫
Tn
fgI
k
dσα dm1(α) =
∫
T
αk
∫
Tn
fg dσα dm1(α) for all k ∈ Z \ {0}.
Therefore, ∫
Tn
fg dσα = const for m1-a.e. α ∈ T.
In fact, applying Corollary 2.2, we conclude that the above property holds for all
α ∈ T. So, we have ∫
Tn
fg dmn =
∫
Tn
fg dσα
for all α ∈ T. Thus, given an α ∈ T, we have an isometry Tα : I
∗(H2)→ L2(σα).
3.2. Constructive approach to isometries Tα : I
∗(H2)→ L2(σα). We have
C(ζ, z) = (1 − I(z)I(ζ))C(ζ, z) + I(z)I(ζ)C(ζ, z) ∈ I∗(H2)⊕ IH2
as functions of ζ. In other words,
K(z, ζ) =
1− I(z)I(ζ)∏n
j=1(1 − zjζj)
= (1 − I(z)I(ζ))C(z, ζ)
is the reproducing kernel for I∗(H2).
Put Kw(z) = K(z, w) and define
(TαKw)(ξ) =
1− αI(w)∏n
j=1(1− ξjwj)
= (1− αI(w))C(ξ, w), ξ ∈ Tn.
Theorem 3.1. For each α ∈ T, Tα has a unique extension to an isometric operator
from I∗(H2) into L2(σα).
Proof. Fix an α ∈ T. Applying Proposition 2.6, we obtain
(TαKw, TαKz)L2(σα) =
∫
Tn
(1− αI(w))C(ζ, w)(1 − αI(z))C(z, ζ) dσα(ζ)
= (1− αI(w))(1− αI(z))
∫
Tn
C(ζ, w)C(z, ζ) dσα(ζ)
= (1− I(z)I(w))C(z, w)
= K(z, w) = (Kw,Kz)H2 .
So, Tα extends to an isometric embedding of I
∗(H2) into L2(σα). Since the linear
span of the family {Kw}w∈Dn is dense in I
∗(H2), the extension is unique. 
By definition, the polydisc algebra A(Dn) consists of those f ∈ C(Dn) which are
holomorphic in Dn.
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Theorem 3.2. Let I be an inner function in Dn, n ≥ 2, α ∈ T. Then the following
properties are equivalent:
(i) Tα is a unitary operator;
(ii) (fσα)+ 6≡ 0 for any f ∈ L
2(σα), f 6≡ 0;
(iii) the polydisc algebra A(Dn) is dense in L2(σα).
Proof. (i)⇒(ii) Let f ∈ I∗(H2) and α ∈ T. Since K(z, ·) ∈ I∗(H2) and Tα :
I∗(H2)→ L2(σα) is unitary, we obtain
f(z) =
∫
Tn
f(ζ)K(z, ζ) dmn(ζ)
=
∫
Tn
f(ζ)K(z, ζ) dσα(ζ)
=
∫
Tn
(1 − αI(z))f(ζ)C(z, ζ) dσα(ζ)
= (1− αI(z))(fσα)+(z).
Now, assume that (fσα)+ ≡ 0. Then f ≡ 0 as an element of I
∗(H2) or, equivalently,
as an element of L2(σα). So (i) implies (ii).
(ii)⇒(iii) Assume that (iii) does not hold. Then there exists f ∈ L2(σα), f 6≡ 0,
such that ∫
Tn
fh dσα = 0
for all h ∈ A(Dn), in particular, for h(ζ) = C(ζ, z), z ∈ Dn. So (fσα)+ ≡ 0 and we
arrive to a contradiction.
(iii)⇒(i) If (iii) holds, then the family
{(1− αI(w))C(ξ, w)}w∈Dn
is dense in L2(σα). So, we continue the proof of Theorem 3.1 and conclude that Tα
is onto, that is, Tα extends to a unitary operator. 
Remark 1. Theorem 3.2 also holds for the inner functions in the unit ball Bn of
Cn, n ≥ 1. However, it degenerates: the ball algebra A(Bn) is dense in L
2(σα[I])
for any inner function I and any α ∈ T; see [2]. This is not the case for various
inner functions in Dn; see Section 4.
4. Examples
In this section, we use the symbol m in the place of m1 to denote the normalized
Lebesgue measure on T.
4.1. All Tα are not unitary. Let I(z) = z1, z ∈ D
n, n ≥ 2. For α ∈ T, the
measure σα = σα[I], α ∈ T, is supported by the set Kα = {ζ ∈ T
n : I(ζ) = α} =
{ζ ∈ Tn : ζ1 = α}. Also, we have
σα = δα(ζ1)⊗m(ζ2)⊗ · · · ⊗m(ζn).
Clearly, the polydisc algebra A(Dn) is not dense in L2(σα), so Tα is not unitary for
all α ∈ T.
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4.2. All Tα are unitary. Let I(z) = z1z2, z ∈ D
2. For α ∈ T, the measure
σα = σα[I] is supported by Kα = {(ξ, αξ) : ξ ∈ T}. Now, let Pz(ζ) denote the
Poisson kernel P (z, ζ), z ∈ D2, ζ ∈ T2. On the one hand, the Poisson integral
formula in dimension one and the definition of σα guarantee that∫
T
1− |z21 |
|z1 − ξ|2
1− |z2ξ|
2
|z2ξ − α|2
dm1(ξ) =
1− |z1z2|
2
|α− z1z2|2
=
∫
T2
Pz(ζ) dσα(ζ).
On the other hand, the same integral is equal to
∫
T
1− |z21 |
|z1 − ξ|2
1− |z2|
2
|z2 − αξ|2
dm1(ξ) =
∫
T
Pz(ξ, αξ) dm1(ξ).
Therefore, ∫
T2
f(ζ) dσα(ζ) =
∫
T
f(ξ, αξ) dm1(ξ)
for all f ∈ C(T2). The functions f(ξ, αξ), f is a holomorphic monomial, are dense
in L2(m1), hence, A(D
2) is dense in L2(σα). So, Tα is a unitary operator for any
α ∈ T.
4.3. All Tα are unitary operators except T−1. Put
I(z) =
z1 + z2 + 2z1z2
z1 + z2 + 2
, z ∈ D2.
Observe that |I(z)z1z2| = 1, hence, I is an inner function. For α ∈ T, α 6= −1,
direct computations show that the measure σα = σα[I] is supported by the set
Kα = {(ξ, bα(ξ)) : ξ ∈ T},
where
bα(ξ) =
1 + 2ξ − α
(α − 1)ξ + 2α
, ξ ∈ T.
Also, the density of σα with respect to ξ has a zero for ξ = −1, that is, at the point
(−1,−1) ∈ T2.
If α 6= −1, then |bα(ξ)| = 1 for all ξ ∈ T. So, bα is a Blaschke factor; in particular,
b1(ξ) = ξ, ξ ∈ T. Hence, f(ξ, bα(ξ)), f ∈ A(D
2), is dense in L2(T). In other words,
A(D2) is dense in L2(σα) and Tα is a unitary operator for α 6= −1.
The point α = −1 is exceptional:
Re
(
α+ I
α− I
)
= Re
(
1− I
1 + I
)
= Re
(
1− z1z2
(z1 + 1)(z2 + 1)
)
= Re
(
1
z1 + 1
−
1
2
+
1
z2 + 1
−
1
2
)
=
1
2
(
1− |z1|
2
|z1 + 1|2
+
1− |z2|
2
|z2 + 1|2
)
.
Hence, K−1 = {(ξ,−1) : ξ ∈ T} ∪ {(−1, ξ) : ξ ∈ T} and
σ−1 = δ−1 ⊗m(z2) +m(z1)⊗ δ−1.
Clearly, the bidisc algebra A(D2) is not dense in L2(σ−1), so the operator T−1 is
not unitary.
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